We investigate the resilience of symmetry-protected topological edge states at the boundaries of Kitaev chains in the presence of a bath which explicitly introduces symmetry-breaking terms. Specifically, we focus on single-particle losses and gains, violating the protecting parity symmetry, which could generically occur in realistic scenarios. For homogeneous systems, we show that the Majorana mode decays exponentially fast. By the inclusion of strong disorder, where the closed system enters a many-body localized phase, we find that the Majorana mode can be stabilized substantially. The decay of the Majorana converts into a stretched exponential form for particle losses or gains occuring in the bulk. In particular, for pure loss dynamics we find a universal exponent α 2/3. We show that this holds both in the Anderson and many-body localized regimes. Our results thus provide a first step to stabilize edge states even in the presence of symmetry-breaking environments.
I. INTRODUCTION
Symmetry-protected topological states are a well established class of phases of matter which encompasses a rich variety of microscopic incarnations, ranging from spin chains to fermionic systems [1] [2] [3] . These phases of matter are a direct manifestation of a (non-local) symmetry in a model Hamiltonian, first identified in the context of the Haldane phase of spin-1 chains 4 , which can give rise to topological order and zero energy modes at the sample boundaries. A prominent example of this mechanism is provided by the Kitaev chain 5 which exhibits Majorana edge states 6 once defined on a open geometry. These edge modes, which have anyonic statistics and can be potentially useful for quantum information purposes 7 , have a direct relation with a global Z 2 parity symmetry of certain one-dimensional superconductors 5 , usually granted by the proximity effect. However, naturally occurring dissipation can explicitly break the protecting microscopic symmetry 8, 9 . In this context the major challenge is to stabilize the Majorana modes by exploiting additional mechanisms which could counteract the drastic action of symmetry breaking terms in open quantum system settings.
In this work, we investigate the resilience of Majorana edge modes in the presence of incoherent symmetrybreaking dissipation. We show that strong disorder can lead to an exponential gain in the edge mode's stability compared to the case of a homogeneous system. While in a homogeneous system we show that the temporal decay is exponential, in presence of disorder we find that the Majorana mode occupation decays in a stretched exponential form. Remarkably, when the coupling to the environment induces pure particle losses, the associated exponent α 2/3 is universal and independent of any microscopic details within our numerical accuracy.
The effect of disorder on the time-dependent dynamics of closed quantum many-body systems has been actively investigated in both non-interacting and interacting scenarios. For noninteracting particles in low dimensions, disorder leads to Anderson localization (AL): all single-particle eigenstates become localized immediately for infinitesimal disorder 10, 11 . Recently, the concept of AL has been generalized to interacting systems in the context of many-body localization (MBL) [12] [13] [14] [15] . Importantly, compared to quantum many-body systems in thermodynamic phases, MBL systems display unconventional properties [14] [15] [16] [17] . In particular, this encompasses the possibility of phase transitions at nonzero temperature in one dimension 13, [18] [19] [20] . Moreover, it has been shown that topological properties, in one-dimensional thermodynamic systems only present in ground states, can survive over all of the spectrum [21] [22] [23] , greatly enhancing the regime of stability for topological order in closed systems 24 .
Motivated by these findings, we address in this work the fundamental question if and how the MBL mechanism can affect the stability of topological order, and in particular the resilience of edge modes, when the system is coupled to an incoherent bath. This question finds natural applications in diverse systems, such as solid state devices and cold atom settings, which have inherent sources of dissipation. Our results support the conclusion that MBL qualitatively enhances the resilience of edge states in symmetry-protected topological states even in the presence of the worst-case scenario of a bath inducing symmetry-breaking perturbations.
In concrete, we study the combined effects of disorder and interactions in a Kitaev chain coupled to a Markovian bath which explicitly breaks the parity symmetry of the system. The setup we have in mind is portrayed in Fig. 1 , and is described in detail in Sec. II. Our analysis arXiv:1507.06117v2 [cond-mat.dis-nn] 9 Oct 2015 focuses on the decay of the Majorana edge mode under the effect of particle losses, starting from an initial state where such mode is occupied. In Sec. III, we first of all study the case of a homogeneous system as a benchmark, where we show that the Majorana mode decays exponentially as a function of time. Specifically, we consider a particular setup where the dissipation acts only on a part of the system (red area in Fig. 1 ) with a varying region near the boundaries that is not coupled to the Markovian bath. This represents an idealized model system which, however, is potentially relevant for a variety of experimental systems as we discuss in detail in Sec. II. Both in the presence and in the absence of interactions, we find that for the case of particle losses the survival time of the Majorana edge mode increases exponentially with the number of protected sites, that is, the number of sites close to the edge where no dissipation occurs. This increased lifetime can be immediately traced back to the nature of the edge mode wave function which only exhibits an exponential tail extending into the bulk.
In Sec. IV and Sec. V, we discuss how disorder drastically affects the above mentioned scenario. As anticipated before, in contrast to the exponential decay in the homogeneous system, the Majorana edge mode decays as a stretched exponential with a universal exponent α 2/3 for the pure loss dynamics. This points towards an increased robustness of the edge mode when compared to the clean case. In particular, this universal behavior occurs both in the Anderson and many-body localized regimes, i.e., also in the presence of interactions which makes the system generic. This shows that disorder, and, in general, localization effects, which induce non-ergodic dynamics in the system, are not detrimental to the survival of Majorana modes in the presence of a bath, and on the contrary, greatly enhance their stability. This identifies disorder as a key mechanism to stabilize topological features in open quantum systems, and thus to systematically improve the stability of potential quantum memories even in the presence of dissipation which explicitly breaks the symmetry protecting topological order. Finally, in Sec. V, we present a case study for the loss and gain case, where a qualitatively similar behavior can be observed as well. We find that the decay of the Majorana again is of stretched exponential form.
II. MODEL HAMILTONIAN AND MASTER EQUATION
The Kitaev chain can be realized in a variety of different experimental architectures including AMO as well as solid-state setups 6,25-3536-39 . Its Hamiltonian describes spinless fermions on a lattice of N sites with a pairing term 5 : Figure 1 . (color online) Schematic picture of the dynamics of a disordered Kitaev chain subject to a bath. The system is initialized in the ground state of the ideal Kitaev chain, where it is better visualized splitting the fermionic degree of freedom at each site into a pair of Majorana fermions (small full circles). In the ground state, all Majorana fermions in the middle couple over bonds, leaving the first and last Majorana fermion uncoupled (blue circled). The dynamics is the subject to a disordered potential (black, thick line) in addition to pairing to a superconductor (grey shaded area) and to the action of a bath acting on the bulk (red area). The presence of the bath explicitly breaks the parity symmetry of the wire due to particle loss.
where c † l , c l are fermionic creation/annihilation operators at site l = 1, . . . , N . The first two terms represent tunneling between lattice sites as well as pairing induced by a superconductor, whose magnitude can, in principle, depend on the specific lattice site, and the last term is a chemical potential. In the homogeneous regime J l = J, ∆ l = ∆, |µ/J| < 1, ∆ = 0, the model hosts a symmetry-protected topological phase directly related to the exact parity symmetry of the Hamiltonian, that is, [H, P ] = 0, P = N l=1 (1 − 2n l ), where n l = c † l c l is the local particle number operator. In order to assure that the properties of the system are generic we account for a weak, parity-preserving nearest-neighbor interaction making the system non-integrable 40 . This yields as the full Hamiltonian:
with U/J 1. Notice that this model can be mapped via a Jordan-Wigner transformation to a transverse-field XYZ chain, and as such is nonintegrable and generic 41 . In the case where µ = U = 0, J = ∆, the ground state (GS) of the open Kitaev chain supports a localized Majorana edge mode (see illustration in Fig. 1 ) whose wave function is restricted to the edge lattice sites only 5 . In the odd parity sector for odd number of sites, the GS reads:
where the occupation of the zero energy mode, the edgeedge correlation, θ satisfies:
and Θ denotes the Majorana mode occupation operator. If we would slightly perturb our Hamiltonian with µ, U > 0, but still sufficiently small not to leave the topological phase, the Majorana zero mode develops an exponential tail extending into the bulk, with most of its weight still located at the boundaries of the chain 43, 44 . The above particular choice of |ψ 0 represents an idealized initial condition which, of course, relies on an exact implementation of the Hamiltonian, or on a perfect dissipative state preparation of the state of interest (along the lines of Ref. 36 ). As we would like to argue at the end of this section, however, our full setup is still sufficiently general in order to describe the generic dynamics.
Remarkably, it has been recently shown how the topological features of the ground state in one-dimensional systems -in particular, the presence of edge modes and a degenerate entanglement spectrum -can be extended to the entire spectrum in the presence of strong disorder 21, 23, 24, 45 . This mechanism, a direct consequence of many-body localization, can lead to a stabilization of topological features at nonzero energy density above the ground state in a closed system.
Our main focus here is to investigate the fate of the Majorana zero mode in the presence of symmetry-breaking dissipation. The microscopic details of the particle loss and/or gain mechanism will strongly depend on the experimental architecture. In a cold atom experiment, losses are naturally occurring as either inelastic scattering processes due to the immersion in a BEC of molecules, or background collisions 46, 47 . These effects are often very well modeled as a Markovian bath 48 . In solid-state systems, loss and gain terms can emerge as a consequence of a coupling to a grand-canonical bath. For Kitaev chains realized by placing carbon nanotube wires on top of a p-wave superconductor, particle losses and gains can occur by electron tunneling into and from the substrate. In this work, we concentrate on the scenario where both the loss and gain can be described within a Master equation framework. At a qualitative level, this implies that the parity symmetry in the system is violated at all energy scales -which we interpret as a worst-case scenario for symmetry-protected topological states. The system dynamics can then be described using a Lindblad master equation of the form:
with ρ the density matrix of the system, κ l and γ l are the local loss and gain rates, respectively. We consider uniform dissipation, but restricted to the bulk of the chain where κ l = κ, γ l = γ for d < l < N − d, and κ l = γ l = 0 otherwise with d the distance of the first dissipative site from the edge. For an illustration, see Fig. 1 . In other words, we mainly consider the influence of dissipation in the bulk, not at the boundaries.
The main motivation for the choice of the setup is twofold. First, from a theoretical point of view, by restricting dissipation to the bulk we address the fundamental question of whether information stored in Majorana modes is stable against symmetry-breaking processes in the bulk. While dissipation acting on the edges of the system opens a direct channel for the decay of the Majorana mode, protecting the boundary sites allows us to extract the bulk contributions and therefore to unravel the influence of the indirect channel. Second, our setup might be relevant also in a general experimental context where dissipation is not uniform and particle losses or gains are not occuring homogeneous throughout space. In that case, isolated regions with weak or even approximately vanishing decay rates can form for which our setup represents an idealized reduced model system.
We remark that we have checked via extensive numerical simulations whether the specific choice of the distribution of the decaying sites can have an impact on the dynamics and our main results. We found that solely the number of sites which are not affected by dissipation mattered in terms of the qualitative behavior -as long as the edge sites are not included.
The figure of merit in our study is the fate of the Majorana mode:
as a function of time t in presence of the incoherent bath. For our initial density matrix ρ(t = 0) = |ψ 0 ψ 0 | with θ = 1, we numerically solve the master equation in Eq. (5). For the noninteracting system with U = 0, the resulting master equation is of quadratic fermionic form and can therefore be solved efficiently for large systems 49, 50 . We use this noninteracting limit as a benchmark for our more general and exact numerical implementation where interactions can also be incorporated at the expense of limited system sizes. We find, however, that, for the considered scenarios, finite-size effects can be neglected (see discussion below). We start by computing the dynamics of θ(t) in the clean case, and then discuss the role of disorder, showing how the latter case displays to an exponential gain in stability of the Majorana mode when compare to the former one.
Let us note that θ in Eq. (6) does not measure the overlap with the idealized wave function of the Majorana mode with respect to the final Hamiltonian for the general parameter set considered in this work (the wave function will be generically localized at the edge, with a finite contribution in the bulk), but rather those contributions which are located right at the edges. This, however, is not a shortcoming as we will now shortly discuss. First of all, the dynamics at the edges has to reflect the dynamics of the full Majorana wave function because most of its weight is located right there. Moreover, we expect that the considered scenario is also the experimentally most relevant one. In particular, measuring operators located on one lattice site is much easier than measuring an extended object such as the full Majorana wave func- tion. In this context, it is also important to emphasize that the precise form of the Majorana wave function in a concrete experiment is not a priori known because it depends on a variety of experimental details -especially in the presence of interactions. Finally, these arguments also motivate our specific choice of initial condition in Eq. (3). In any realistic experimental system it will, of course, not be possible to precisely prepare the considered state due to experimental imperfections. As long as the Majorana mode is initially occupied, however, our observable Θ is capable to detect it without knowledge about microscopic details. Therefore, we expect that these details only lead to quantitative and not qualitative changes.
III. HOMOGENEOUS SYSTEM
Using the model system described in the previous section we now aim at studying first the influence of symmetry-breaking particle losses for the homogeneous system. This will serve as a benchmark for the further analysis in Sec. IV where we will show that the Majorana edge mode can be stabilized by the inclusion of disorder.
For the homogeneous system we analyze the noninteracting and interacting cases separately in order to single out the potential influence of integrability-breaking interactions.
The main result for the homogeneous system is that the Majorana mode occupation decays exponentially in time in consequence of the breaking of the protecting parity symmetry. However, we find that, remarkably, the associated decay rate Γ is highly sensitive to the distance d of the first dissipative site from the edge, but not to the microscopic parameters. In particular, interactions do not lead to a qualitative change of the dynamics but rather only increase the decay rates. Our main findings are summarized in Fig. 2 .
A. Non-interacting case
We start by considering the benchmark of noninteracting particles with U = 0. In this limit we have used two different methods to solve the Master equation. On the one hand we have made use of the property that the Master equation at U = 0 becomes a quadratic form in terms of fermionic operators. This allows us to use methods developed in Ref. 49 , such that we are able to obtain the solution for large lattices up to N = 100 sites. On the other hand we have solved the Master equation directly on the basis of a Runge-Kutta algorithm for up to N = 11 lattice sites which can also be extended to interacting systems studied later on. By comparing the results of both methods, we have found that finite-size effects are negligible in the parameter regime considered here.
As anticipated before, we find that in the noninteracting homogeneous system the Majorana mode occupation θ(t) decays exponentially in time:
with Γ the decay rate, both in the cases of a global bath acting on all sites, κ l = κ, and in the case of a bath which does not act on a small region close to the edge,
(with d the number of protected sites close to the edge), and 0 otherwise. In the following, we focus on the bulk contribution, investigating the Majorana decay as a function of d. In Fig. 2a , time traces of the Majorana occupations are shown for the case where the first dissipating lattice site is located right next to the edge, i.e., d = 1. As one can see, the decay rate depends crucially on the strength of the chemical potential. This can be traced back to a fundamental property of Kitaev chains at µ = 0. There the Majorana qubit decouples completely from the bulk chain and Majorana mode occupation operator Θ commutes with the Hamiltonian [H K , Θ] = 0. As a consequence, we have that θ(t) = 1 for all times t when µ = 0. Therefore, at this particular point in parameter space the Majorana completely decouples from the dissipative dynamics and becomes completely stable. However, this stabilization mechanism depends crucially on parameter fine-tuning and any perturbation, always present in a realistic experiment, induces an exponential decay.
The infinitesimal sensitivity of the Majorana qubit stability can be seen by considering the effects of a non-vanishing chemical potential µ > 0, which is shown in Fig. 2 . Then, the Majorana qubit experiences an effective coupling to the bulk modes and the exponential decay induced by the symmetry-breaking losses sets in. The decay rate grows with increasing chemical potential.
Remarkably, it is possible to increase the lifetime of the Majorana mode substantially also for the homogeneous system without parameter fine-tuning. Specifically, we find that the decay rate is exponentially sensitive to the distance d of the edge from the first dissipative lattice site. This is shown in Fig. 2 , where Γ is plotted as a function of d. The decay rate is extracted numerically from two time points t 2 > t 1 with Γ = Log[θ(t 2 )/θ(t 1 )]/(t 1 − t 2 ). We have checked that the resulting Γ's are independent of the precise choice of t 1 and t 2 as long as we are in the asymptotic long-time regime. As a consequence, in the case of pure particle losses, the bulk only contributes weakly to the decay of the Majorana. Notice that this is different from the case with losses and gain discussed in Sec. V. We attribute this strong sensitivity of the decay to the exponentially small overlap of the Majorana wave function with the loss mechanism on distant lattice sites. In particular, as long as the evolved Hamiltonian stays in the topological phase, the Majorana wave functions are exponentially localized in the vicinity of the edges. Therefore, the direct influence of a particle loss at a given lattice site on the Majorana mode is exponentially small. However, excitations that are created by a particle loss could, in principle, still propagate to the edges potentially inducing a decay of coherence. The numerical data, however, suggests that the dominant principle is solely the overlap of the Majorana wave function on the first dissipative lattice site.
B. Interacting case
After having discussed in detail the noninteracting homogeneous system we now aim at analyzing the influence of interactions. This is important for clarifying which of the effects are generic and independent of particular parameter choices. The numerical results for the interacting case are illustrated in Fig. 2 , where, along the lines of the previous section, we check the resilience of the edge modes for increasing interaction strength.
As for the noninteracting case, we find that the Majorana edge modes decay exponentially in time, see the numerical data presented in Fig. 2 . Again, the decay rate decreases exponentially with the distance d of the first dissipating lattice site, see Fig. 3 . In contrast to the noninteracting case, however, an even-odd effect of Γ as a function of d is visible. Importantly, the model is now generic which becomes apparent at the fine-tuned parameter point µ = 0 of the noninteracting model, see Sec. III A, where the Majorana mode is stable for d ≥ 1. In Fig. 2 , we show time traces of θ(t) at µ = 0 but nonvanishing interactions. As one can see, interactions now lead to a decay of the edge mode.
Before we study the impact of disorder, we summarize the main result of this section: Symmetry-breaking perturbations lead to a decay of the Majorana qubit even if the edge states are protected from particle loss, independently on the presence or absence of interactions. However, the survival time of the edge mode increases exponentially with the number of protected sites d.
IV. MANY-BODY LOCALIZED KITAEV CHAIN
For closed systems, it has been recently observed that disorder provides a generic mechanism to stabilize topological order throughout the full many-body spectrum, i.e., up to infinite temperature 23, 51, 52 . Strikingly, this holds even for one-dimensional systems where long-range (topological) order at nonzero temperature is not possible in thermodynamic phases 13, [53] [54] [55] . These manybody localized systems are non-ergodic and consequently promise a key mechanism to stabilize qubits in closed quantum system settings 56 . For Anderson-localized systems it is known that a coupling to low-temperature baths in general induces a nonzero conductance in the context of variable-range hopping 57 . However, depending on the spectral details of the bath, localization can persist in the sense that the coupling between system and bath becomes irrelevant at low energies 58 . For small baths, not of thermodynamic nature, it has been shown that localization can persist in a strong disorder limit 59, 60 . In many-body localized systems the influence of low-temperature thermal baths onto the broadening of local spectra has been studied recently 14 . The static properties of MBL systems coupled to small baths and the transition of the combined system to a Wigner-Dyson statistics have been addressed in Ref. 61 .
In the following, we study the many-body localized Kitaev model in presence of an incoherent structureless bath described by the Master equation in Eq. (5). We show the stabilization property of many-body localized phases remarkably extends also to this worst-case open quantum system scenario, thus identifying nonergodicity of closed systems as a possible route to stabilize edge states in the presence of detrimental (symmetrybreaking) noise. Our main result, summarized in Fig. 4 , is that the Majorana mode can be stabilized by the inclusion of disorder with an exponential gain in resilience. Specifically, the exponential decay of the homogeneous system converts into a stretched exponential decay in presence of disorder, that is:
with . . . dis denoting the average over disorder realizations. We find that within our numerical accuracy the associated exponent α is universal and close to α 2/3.
In our numerical implementation, we choose bond disorder for simplicity by introducing inhomogeneous couplings J l ∈ [0, W ], l = 1 . . . N − 1 sampled from independent uniform distributions of width W = eJ. We will characterize the strength of the disorder via J differing from W by Euler's number e such that the critical point of the noninteracting model is located at µ/J = 1 as in the clean case 62, 63 . In the following simulations, we are interested in the large disorder limit such that the localization length of most eigenstates is limited to few lattice spacings (thus limiting finite-size effects). For each parameter regime, the results are averaged over up to 10 000 disorder realizations in order to ensure convergence. We expect, however, that the generic features are independent of this precise choice of bond disorder, in particular, because it is known that the properties of the bond-disordered Kitaev and the related Ising chain are equivalent to the case of site disorder.
Before diving into a detailed discussion of our results, let us comment on the case where the dissipative losses act on every lattice site, κ l = κ, in particular, including the edges where the Majorana modes are located. In this case, we find that the Majorana mode occupation still decays exponentially as found for the homogeneous case. Thus, the Majorana qubit is not stable against incoherent onsite losses as one might expect. This local decoherence mechanism cannot be stabilized using disorder. However, as we will show below, protecting sites in the immediate vicinity of the boundaries lead to a substantial stabilization.
We start by discussing as a warm-up the noninteracting (Anderson) limit with nonzero chemical potential µ > 0 but U = 0. Our numerical results on this case are shown in Fig. 4a . In panels 4c-d, we plot the same quantity for a clean (c) and disordered system (d, same data as in a) as a function of the rescaled time (Jt) 2/3 . While in the clean system the decay stays exponential as discussed in the previous section (the curve bends down in lin-log scale), in the disordered case one gets an almost flat line (but for additional coherent oscillations), demonstrating an exponentially increased stability of the edge mode, and a decay according to α 2/3. The decay becomes faster for larger chemical potential as this increases the coupling between the Majorana qubit and the bulk modes. An analysis of the time derivatives of the Majorana mode survival also confirms this decay.
The same stabilization mechanism emerges in the many-body localized regime, where the Majorana operator is expected to be renormalized, still be localized at the boundary 64 . The resulting decay of the Majorana mode for different interaction strength for the case µ = 0 is illustrated in Fig. 4b , f, while panels (e-d) show the comparison between clean and disordered case. Again, the decay is of the form of Eq. (8) with α ≈ 2/3.
Finally, let us consider the case of both nonzero interactions and nonzero chemical potentials. The resulting temporal behavior of the Majorana mode is shown in Fig. 5 . Here we consider a comparable strength for show the dynamics for systems of different lengths (N=9,11). Panels (c-f) show the time trace with a scaled time-axis to illustrate t 2/3 dependence. In panels (c) and (e), we show the clean case, where the decay is exponential, and thus, in the rescaled axis, an algebraic decay with power larger than 1 is observed. In panels (d) and (f), we contrast this with the disordered case, where the decay is a stretched exponential with a power α 2/3. both U = J/5 and µ = J/5 at a dissipation strength κ/J = 3/2. For comparison also the respective homogeneous case is shown that exhibits the pure exponential decay already discussed in Sec. III. The many-body localized case on the other hand again shows the stretched exponential decay, with an additional coherent oscillation on top of the decay is found.
V. EFFECTS OF PARTICLE GAIN
So far, we concentrated on a setup where only particle losses occur. Such as scenario corresponds mainly to potential implementations based on cold atom setups, where the main dissipation channel is given by inelastic scattering between molecules in the reservoir, and particles in the wire. In a condensed-matter setting, a more natural environment would generically be a grand-canonical bath inducing both particle losses and gains 65, 66 . This is the scenario we focus on in this section. Specifically, we consider equal rates κ l = γ l for both losses and gains for simplicity. Of course, baths in typical condensed-matter systems will not be exactly of the type described by the Master equation in Eq. (5) except maybe high-temperature baths. As anticipated in Sec. II, however, from the perspective of the stability of the Majorana mode, one can interpret the dynamics induced by this Master equation with incoherent losses and gains as a worst-case scenario.
We proceed as before by comparing the homogeneous case with the disordered case for a non-interacting, i.e. U = 0, and interacting chain with U = 0. We will focus on a single protected site at each edge for simplicity. Our main results for this setup are summarized in Fig. 6 . In principle, the overall picture remains identical compared to the case with pure losses. Again, we find that the presence of disorder suppresses the decoherence process of the Majorana mode. At first glance, also the qualitative picture is not changed, as we find a clear exponential decay in the clean case and a stretched exponential in the disordered case. This is not surprising, as from a symmetry point of view, both particle loss alone and particle loss and gain break the parity symmetry and in consequence lead to a loss of coherence of the Majorana edge mode.
However, apart from the first observation, that the additional particle gain does not completely change the overall impact of disorder on the decay of the Majorana, we find subtle modifications in the universality of the stretched exponential scaling. In contrast to previous case with pure losses where the exponent has been α 2/3, see Eq. (8), we find a modified exponent α now in the presence of the additional particle gains. Specifically, from our numerical simulations the exponent turns out to be close to α ≈ 3/4. However, we have to emphasize that the situation is much less clear compared to the pure loss case. In particular, we find some slight dependence on the microscopic parameters. Therefore, we cannot conclude from our data that the exponent is universal in this case. 67 For many cases, we find a stretched exponential decay with approximately α = 3/4, but this value can vary (for the parameters investigated) within a range ±10%.
Furthermore, it is worth mentioning that the balanced particle loss and gain leads to a more complex picture, compared to the pure loss scenario. For example, we observed partially decoupled bulk and edge dynamics in the case of an interacting chain of length N = 7, where the distance exponential decay in the homogeneous case does not depend on the number of protected sites. This feature is a result of the uniform bulk dynamics. As soon as the bulk settles to a steady state due to gain and loss, the absolute length of the bulk is not of importance anymore. This stands in contrast to the inhomogeneous case, where such a distance dependence is tractable.
VI. CONCLUSIONS AND OUTLOOK
We have presented a numerical study of the influence of a symmetry-breaking Markovian bath on the stability of Majorana edge modes in a Kitaev chain, including both disorder and interactions. In a clean setting, the occupation of the Majorana mode decays always exponentially as a function of time regardless of the system being interacting or not. The corresponding decay rate Γ displays an exponential dependence on the number of sites close to the edge where dissipation is not acting, a direct consequence of the exponential localization of the mode wave-function in the pure loss case. This indicates that protecting even a very small number of sites can already improve the Majorana mode lifetime by several orders of magnitude with respect to the non-protected case, if gain is negligible or other interactions prevent an effectively reduced bulk length.
Strikingly, an even more solid protection mechanism is provided by the presence of disorder. In the closed system case without dissipation, many-body localization in disordered systems prevents thermalization even in the presence of interactions 14, 15 . Importantly, it has been shown that topological properties can be present over the entire Hamiltonian spectrum in many-body localized systems 23, 24 , and that bulk transport is severely inhibited in such phases -which generically display vanishing conductivity. We found that the consequences of these disorder-induced mechanisms upon the introduction of a Markovian bath are that the Majorana mode occupation decays in a qualitative different way than in the clean case. In the case of loss-only dissipation, which is directly relevant to cold atom systems, the decay form is a stretched exponential, with universal power 2/3, while in the case of both loss and gain -closer to solid state scenarios -the decay is still compatible with a stretched exponential, but with a larger power close to 3/4, whose determination is generically more challenging.
Overall, our results point toward the possibility of using many-body localization as a stabilizer mechanism of edge states in symmetry-protected topological states in the presence of a bath with explicitly breaks the symmetry. While the results presented herein are obtained using a controlled numerical approach, it would be of immediate relevance to develop a more general understanding using approximate solutions, which capture the main features of many-body localized systems coupled to baths, e.g., by exploiting the emergence of approximate integrals of motion, or by treating the bulk as an effective bath for the edges. Moreover, while the work here deals with symmetry-protected topological phases, the addition of disorder could serve as a stabilizing mechanism under dissipation even in phases supporting topological order in combination to long-range entanglement [1] [2] [3] , where it has been recently shown how disorder can be used to localize unwanted excitations 68, 69 , and could also help in further stabilizing Majorana modes against symmetrypreserving noise 27, [70] [71] [72] .
